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GEORGE POLYA
December 13, 1881-September 7, 1985

BY R. P. BOAS

GEORGE (GYORGY) P6LYA made many significant con-
tributions to mathematics and at the same time—rather

unusually for a distinguished research mathematician—was
an effective advocate of improved methods for teaching
mathematics. His research publications extend from 1912 to
1976; his publications about teaching began in 1919 and con-
tinued throughout his life. For several decades, he was stead-
ily initiating new topics and making decisive contributions to
more established ones. Although his main mathematical in-
terest was in analysis, at the peak of his career he was con-
tributing not only to real and complex analysis, but also to
probability, combinatorics, occasionally to algebra and num-
ber theory, and to the theory of proportional representation
and voting. His work typically combined great power and
great lucidity of exposition. Although much of his work was
so technical that it can be fully appreciated only by specialists,
a substantial number of his theorems can be stated simply
enough to be appreciated by anyone who has a moderate
knowledge of mathematics.

As a whole, Polya's work is notable for its fruitfulness. All
his major contributions have been elaborated on by other
mathematicians and have become the foundations of impor-
tant branches of mathematics. In addition to his more sub-
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stantial contributions, P6lya made many brief communica-
tions, ranging from the many problems that he proposed to
brief remarks—a considerable number of which became the
germs of substantial theories in the hands of other mathe-
maticians. A student who needs a topic for research could do
worse than look through Polya's short papers.

Polya's papers were published in four volumes: the first
two devoted to complex analysis, the third to other branches
of analysis including mathematical physics, the fourth to
probability, combinatorics, and teaching and learning in
mathematics.1

ORIGINS AND CAREER

Polya was born in Budapest on December 13, 1887, and
died in Palo Alto, California, September 7, 1985. In 1918 he
married Stella Vera Weber, who survived him; they had no
children. He received his doctorate in mathematics—first
having studied law, language, and literature—from the Uni-
versity of Budapest in 1912. After two years at Gottingen and
a short period in Paris, he accepted a position as Privatdocent
at the Eidgenossische Technische Hochschule (Swiss Federal
Institute of Technology) in Zurich in 1914 and rose to full
professor there in 1928. In 1924 he was the first Interna-
tional Rockefeller Fellow and spent the year in England. In
1933 he was again a Rockefeller Fellow at Princeton. He em-
igrated to the United States in 1940, held a position at Brown
for two years, spent a short time at Smith College, and in
1952 became a professor at Stanford. He retired in 1954 but
continued to teach until 1978. He was elected to the National
Academy of Sciences in 1976.

1 George Polya, Collected Papers, 4 vols. (Cambridge, Massachusetts, and London,
England: MIT Press, 1974-1984).
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PROBABILITY

Pdlya's first paper was in this field, and during his career
he contributed perhaps thirty papers to various problems in
probability theory. These papers contain many results that
have now become textbook material, or even exercises, so
that every student of probability encounters Pblya's work.
One of P6lya's best known results is typical of his style, being
unexpected but simple enough to prove once it was thought
of. The Fourier transform

f(t) =

of a one-dimensional probability measure is known as the
characteristic function. Polya discovered (1918,3; 1923,2)
that a sufficient condition for a real-valued function to be a
characteristic function is that f(0) = 1, f(<») = 0, f(t) = f(-t),
and f is convex, t > 0. This is the only useful general test for
characteristic functions, even though the most famous char-
acteristic function, exp(-t2), is not covered by it.

In 1921, P61ya initiated the study of random walks (which
he named), proving the striking and completely unintuitive
theorem that a randomly moving point returns to its initial
position with probability 1 in one or two dimensions, but not
in three or more dimensions (1921,4). His other contribu-
tions to the subject are less easily explained informally but,
like those just mentioned, have served as starting points
for extensive theories. These include limit laws (Polya also
named the central limit theorem), the continuity theorem for
moments, stable distributions, the theory of contagion and
exchangeable sequences of random variables, and the roots
of random polynomials.
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COMPLEX ANALYSIS

Complex analysis is the study of analytic functions in two
dimensions—the field to which Polya made his most numer-
ous contributions. As every student of the subject learns at
an early stage, a function f that is analytic at a point, say 0
(for the sake of simplicity), is represented by a convergent
power series

n = 0

and conversely such a series, if convergent, represents an
analytic function. In principle the sequence {an} of coeffi-
cients contains all the properties of the function. The prob-
lem is to make the sequence surrender the desired informa-
tion. The most attractive results are those that connect a
simple property of the coefficients with a simple property of
the function.

Polya made many contributions to this subject. He proved
that the circle of convergence of a power series is "usually" a
natural boundary for the function—that is, a curve past
which the sum of the series cannot be continued analytically
(1916,1; 1929,1). It is, in fact, always possible to change the
signs of the coefficients in such a way that the new series
cannot be contained outside the original circle of conver-
gence.

According to Fabry's famous gap theorem, the circle of
convergence of a power series is a natural boundary if the
density of zero coefficients is 1. Polya proved that no weaker
condition will suffice for the same conclusion. He also ex-
tended this theorem in several ways and found analogs of
Fabry's theorem for Dirichlet series, which have a more com-
plex theory.
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In 1929, P61ya systematized his methods for dealing with
problems about power series (1929,1). This very influential
paper deals with densities of sequences of numbers, with con-
vex sets and with entire functions of exponential type—that
is, with functions analytic in the whole complex plane whose
absolute values grow no faster than a constant multiple of
some exponential function eA'z| Functions of this kind have
proved widely applicable in physics, communication theory,
and in other branches of mathematics. The central theorem
is P61ya's representation of a function f as a contour integral
that resembles a Laplace transform,

f(z) = 2^T J F(w)e2Wdw,

a representation important in contexts far beyond those that
Polya originally envisioned.

Another topic that interested Polya was how the general
character of a function is revealed by the behavior of the
function on a set of isolated points. The whole subject orig-
inated with Polya's discovery (1915, 2) that 2Z is the "smallest"
entire function, not a polynomial, that has integral values at
the positive integers. There are many generalizations, on
which research continued at least into the 1970s, and the
theory is still far from complete. Polya also contributed to
many other topics in complex analysis, including the theory
of conformal mapping and its extensions to three dimen-
sions.

One of P61ya's favorite topics was the connections between
properties of an entire function and the set of zeros of poly-
nomials that approximate that function. He and I. Schur
introduced two classes (now known as P6lya-Schur or
Laguerre-P6lya functions) that are limits of polynomials that
have either only real zeros or only real positive zeros. There
are now many more applications, both in pure and applied
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mathematics, than Polya himself envisaged, including, for ex-
ample, the inversion theory of convolution transforms and
the theory of interpolation by spline functions.

Another series of papers starting in 1927 was devoted to
zeros of trigonometric integrals,

f(t)ei2tdt.

Polya was much interested in the Riemann hypothesis about
the zeros of the zeta function. His work on trigonometric
integrals was inspired by the fact that a sufficiently strong
theorem about their zeros would establish the hypothesis.
That this hope has, so far, proved illusory, does not diminish
the importance of Polya's results in both mathematics and
physics.

Polya devoted a great deal of attention to the question of
how the behavior in the large of an analytic or meromorphic
function affects the distribution of the zeros of the derivatives
of the function. One of the simplest results (simplest to state,
that is) is that when a function is meromorphic in the whole
plane (has no singular points except for poles), the zeros of
its successive derivatives become concentrated near the poly-
gon whose points are equidistant from the two nearest poles.
The situation for entire functions is much more complex,
and Polya conjectured a number of theorems that are only
now becoming possible to prove.

REAL ANALYSIS, APPROXIMATION THEORY,

NUMERICAL ANALYSIS

Polya's most important contributions to this area are con-
tained in the book on inequalities he wrote in collaboration
with Hardy and Littlewood (1934,2). This was the first sys-
tematic study of the inequalities used by all working analysts
in their research and has never been fully superseded by any
of the more recent books on the subject.
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Peano's space-filling curve passes through every point of
a plane area but passes through some points four times. In
1913, Polya produced a construction for a similar curve that
has, at most, triple points, the smallest possible number. In
keeping with Polya's principle of drawing pictures whenever
possible, the construction is quite geometrical (1913,1).

Polya devoted two papers more than fifty years apart to
Graeffe's method for numerical solution of polynomial equa-
tions (1914,2; 1968,1). Although this method is useful for
functions other than polynomials as well, it was not highly
regarded originally because of the large amount of compu-
tation it requires. With the availability of modern high-speed
computers, however, the method is becoming more useful.
His pioneering investigation of the theory of numerical in-
tegration (1933,1) is still important today in numerical anal-
ysis.

COMBINATORICS

Combinatorics addresses questions about the number of
ways there are to do something that is too complicated to be
analyzed intuitively. Polya's chief discovery was the enumer-
ation of the isomers of a chemical compound, that is, the
chemical compounds with different properties but the same
numbers of each of their constituent elements. The problem
had baffled chemists. Polya treated it abstractly as a problem
in group theory and was able to obtain formulas that made
the solution of specific problems relatively routine. With the
abstract theory in hand, P61ya could solve many concrete
problems in chemistry, logic, and graph theory. His ideas and
methods have been still further developed by his successors.

A related problem is the study of the symmetry of geo-
metric figures, for example, tilings of the plane by tiles of
particular shapes. Polya's paper (1937,2) came to the atten-
tion of the artist M. C. Escher, who used it in constructing his
famous pictures of interlocked figures.
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The theory of symmetries also plays an important role in
Polya's work in mathematical physics.

MATHEMATICAL PHYSICS

Physical problems in two or three dimensions usually de-
pend in essential ways on the shape of the domain in which
the problems are considered. For example, the shape of a
drumhead affects the sound of the drum; the electrostatic
capacitance of an object depends on its shape. Except for very
simple shapes, such as circles or spheres, the mathematical
equations that describe the properties are too difficult to solve
exactly; the solutions must be approximated in some way.
Polya's contributions to mathematical physics consisted of de-
veloping methods for such approximations. These methods,
like his work in other fields, were subsequently developed
further by others.

Polya was interested in estimating quantities of physical
interest connected with particular domains, as, for example,
electrostatic capacitance, torsional rigidity, and the lowest vi-
bration frequency. Usually one wants an estimate for some
property of a domain in terms of another. The simplest prob-
lem of this kind (and the oldest—it goes back to antiquity) is
the isoperimetric problem, in which the area inside a curve
is compared with the perimeter, or the volume of a solid is
compared with its surface area. Problems of this kind, con-
sequently, go by the generic name of isoperimetric problems.
One method to which Polya devoted a great deal of work,
including the production of a widely read book (1951,1), is
to replace a given domain by a more symmetric one with one
property (say, the area inside a curve) the same, and for which
the other property is more easily discussed. If we know that
symmetrization increases or decreases the quantity in which
we are interested, the result is an inequality for the other
property.
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One of the earliest successes of this technique was a simple
proof of Rayleigh's conjecture that a circular membrane has
the lowest vibration frequency (that is, the smallest eigen-
value of the corresponding differential equation) among all
membranes of a specified area. For different problems, dif-
ferent kinds of symmetrization are needed.

Many physical quantities that are determined as the so-
lutions of extremal problems can be estimated by making
appropriate changes of variable, a technique known as trans-
plantation. Polya exploited this technique in a long paper in
collaboration with M. Schiffer (1954,1). He also contributed
several refinements to the standard technique of approxi-
mating solutions of partial differential equations by solving
difference equations (1952,1; 1954,2).

TEACHING AND LEARNING MATHEMATICS

Polya believed that one should learn mathematics by solv-
ing problems. This led him to write, with G. Szego, Problems
and Theorems in Analysis (1925,1 [2 vols., in German]; 1972,1
[vol. 1], and 1976,1 [vol. 2] revised and enlarged English
translation) in which topics are developed through series of
problems. Besides their use for systematic instruction, these
volumes are a convenient reference for special topics and
methods. P6lya thought a great deal about how people solve
problems and how they can learn to do so more effectively.
His first book on this subject (1945,2) was very popular and
has been translated into many languages. He wrote two ad-
ditional books (1954,3; 1962,1) and many articles on the
same general theme.

Polya also stressed the importance of heuristics (essen-
tially, intelligent guessing) in teaching mathematics and in
mathematical research. In the preface to Problems and Theo-
rems, for example, he and Szego remarked that—since a
straight line is determined by a point and a parallel—geom-
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etry suggests, by analogy, ways of approaching problems that
have nothing to do with geometry. One can hope both to
generate new problems and to guess methods for solving
them by generalizing a well-understood problem, by inter-
polating between two problems or by thinking of a parallel
situation. One can see these principles at work in some of
Polya's research, and many other mathematicians have found
them helpful.

Whether heuristics can really be successful on a large scale
as a teaching technique has not yet been established. Some
researchers in artificial intelligence have not found it effective
for teaching mathematics. It is not clear, however, whether
these results reflect more unfavorably on Polya or artificial
intelligence. It does seem clear that putting Polya's ideas into
practice on a large scale would entail major changes both in
the mathematics curriculum and in the training of teachers
of mathematics.

P6lya also stressed geometric visualization of mathematics
wherever possible, and "Draw a figure!" was one of his fa-
vorite adages.

IN PREPARING THIS MEMOIR I have drawn on the introductions
and notes in the Collected Papers and, to a large extent, on the more
detailed memoir prepared by G. L. Alexanderson and L. H. Lange
for the Bulletin of the London Mathematical Society, which I had the
opportunity of seeing in manuscript and to which I also contrib-
uted.
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